A. L. VVHITEMAN [November where the signs of a and x are selected so that a = x = l (mod 4). In other cases it is shown that the cyclotomic constants (i,j)u are such that 256(i,j)io is expressible as a linear combination with integer coefficients of p, a, b, x, y and certain other integers c0, c\, c2, c3, do, di, • • -, di defined in §3.
The results in §3 provide a useful tool for investigating the existence of difference sets composed of sixteenth power residues modulo p. By a difference set of order k and multiplicity A is meant a set of k elements ai, a2, • • • , a* (mod v) such that the congruence ai-a,=d (mod v) has exactly A solutions for d^O (mod v). Residue difference sets are difference sets composed of eth power residues modulo a prime. It is well known that the (p -1)/2 =k quadratic residues modulo a prime p = 3 (mod 4) form a difference set of multiplicity A = (p -3)/4. Chowla [2] proved that the (p -1)/4 = & biquadratic residues modulo p form a difference set of multiplicity A= (p -5)/16 if (p -1)/4 is an odd square. Emma Lehmer [7] proved that the set of octic residues modulo p forms a difference set if and only if the number of terms k = (p -1)/8 and the multiplicity A=(p -9)/64 are both odd squares. It is proved in §4 that the set of sixteenth power residues modulo p cannot form a difference set if 2 is an octic residue of p. Whether such difference sets exist when 2 is not an octic residue of p remains an unsolved problem.
It is a known result [7] that the number 2 is an eth power residue of p ii and only if (0, 0)« is odd. In §5 the expressions for (0, 0)i« are employed to deduce a new proof of the Cunningham-Aigner criterion [3; l] for the sixteenth power residue character of 2.
2. Cyclotomy. The following basic properties of the cyclotomic numbers are established in the paper of Dickson [5] .
( ' } \(j + e/2, i + e/2) (/odd);
When e is even we put e = 2E and define
The notation s(i, j) should, of course, not be confused with 5 times (i, j).
By (2.2) we have
\s(j+E,i+E) (/odd).
We also have the easily proved formula (2.6) (i, j)E = (i, j) + (i + E, j) + (i, j+ E) + (i + E,j+E).
The last result is a consequence of the fact that a number of the form gE.+i (mod p) is either of the form gel+i or get+i+B (mod p). Let m, n denote integers and put 8 = exp (2iri/e). Then we define the Jacobi sum [6] p-i ip(3m 8n) = y ^ Bm *ncI 0~*~n *nt* (1~a) We next let a denote a root of the equation ap_1 = 1 and put f = exp (2iri/p). The Lagrange sum p-i r(a) = E aind °f°a -0 is related to the Jacobi sum by means of the formula License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (2.12) +(B~, 8n) = TC8-)T08-)/rC9-+-)> provided m+n is not divisible by e. Another important property of the Lagrange sum is given in the formula [6] (2.13) r(-l)r(a2) = a2mT(a)r(-a) (gm = 2 (mod />)).
We now prove two lemmas of which the second is a generalization of a lemma given by the author in an earlier paper [10] , Lemma 1. If e is even and E = e/2, then (2.14) 4(». j). = (i, J)e + s(i, j) + s(i + E, j) + 2t(i, j), where s(i, j) and t(i, j) are defined in (2.4).
This lemma follows from (2.4) and (2.6).
Lemma 2. Let e = 2*, E = 2k~1, k^l and let B(i, v) be defined by (2.10).
Then for any integer j we have ti-0 n-l Subtracting the left member of (2.17) from the left member of (2.16) we obtain (2.15). This completes the proof of the lemma. 15. The following lemma will be used frequently.
Lemma 3. If e = 2*, k ^ 1 awd q is an odd integer, then
where q is any solution of the congruence= 1 (mod e).
In (2.10) replace i by qi, v by q and h by i-qh. As h runs over a complete residue system (mod e) so does i-qh. Therefore by (2.2)
Now replace h by q2h and use (2.2) again. Then the right member of (3.2) reduces after simplification to the sum for B(i, q). This completes the proof of the lemma.
Put p = 16/+l and fl = exp (2iri/16). We now make five applications of (2.13) with a = B, 82, B3, 8*, 87 respectively. Using (2.7) and (2.12) we get with a little manipulation
4>(8\ 84) = +i8\ 8') = 04"W, 82), (3. 3c) ip(8\ 82) = M8\ 8°) = 8tm+(Bn, 83),
where the integer m is defined by the congruence gm = 2 (mod p). By (2.8) and (2.9) it is clear that ipiB~4, B~*) is the complex conjugate of ip(8*, /34). Employing the notation used by Dickson [5] and making use of (2.9) we may write We next put v = 7, n = l in (2.9). Then we may write
By (3.1) with e = 7 we have B(i, 7)=B(7i, 7). This yields the formulas It should be noted that in some instances the result in Lemma 1 may be simplified. Thus it follows from (2.2) and (2.4) that t(i, j) =0 when / is even and/= 8 or when/is odd andj = 0. The application of Lemma 2 may also be simplified by making use of the result
A. L. WH ITEM AN [November («-2)/2 (3.18) E (B(i + 2jv, 2v) -B(i + E + 2jv, 2v)) = E(s(j, i) + s(j + E, i)). v-0
To establish (3.18) we replace/ by/+£ in Lemma 2. Then the uth term in the sum of (2.15) is multiplied by ( -1)° and (3.18) follows easily.
To illustrate the technique of calculating a value of (i, j)u we now give the details of the computation of the formula 256(0, 2)« = p-15 + 6x+ 16b+ 16y + 8c0 + 32c2 -16d0 + 16d2 + 16d4 + 16d6, which is valid when/ is even, m = 0 (mod 8). From the table in [9] we have when 2 is a biquadratic residue of a prime p=l (mod 16), 64(0, 2)» = p -7+6x + 16y. Using the classification of cases given immediately after formula (3.6), we find that in the first case the 8 consecutive terms of the sum (3.18) for i = 2,j = 0 are given by 0, d2, d2, b, c2, -d2, d6, c2. Therefore 8(5(0, 2)+5(8, 2)) = a + 2c2+d2+d6. We find also that the 16 consecutive terms of the sum (2.15) for i = 0,j = 2 are given by -1, c2, d«, d2, -d0, d2, 0, c2, c0, b, d4, d6, -d0, -d2, 0, 0. Therefore 16/(0, 2) = 16s(2, 0) = -l+b+c0+2c2-2do+d2 + 2di+d6. Formula (3.19) now follows at once from the identity 256(0, 2)i6 = 64(0, 2)8 +645(0, 2)+645(8, 2) + 128;(0, 2).
In checking a numerical instance of a formula such as (3.19) the following remark should be kept in mind. Dickson [5] has shown in the case e = 8 that the formulas for the cyclotomic numbers 64(t, f)8 are such that x = a = l (mod 4). Formula (3.5) not only provides a check on the value of x but renders y unambiguous.
Similarly, formulas (3.7) and (3.8) determines a and 0 without ambiguity.
4. Application to residue difference sets. The following theorem is due to Emma Lehmer [7] : If e is even and/=(p -l)/e is odd, then a necessary and sufficient condition for the set of eth power residues modulo p to form a difference set is that (i, 0) = (/-l)/e, i = 0, 1, • • • , e/2 -1, where (f-l)/e = A is the multiplicity of the difference set. We shall now give an application of this result in the case e= 16,/odd, m = 0 (mod 8). The values of the cyclotomic constants (♦, 0)i6 are tabulated in Table IV It is not necessary to give a separate proof of this theorem for the case / even. For it is known [7] that there exists no residue difference set for e odd, or for e even and / even. leads to a = l+2y. This equation together with x=l implies that p = l+b*. We conclude that when 2 is not a biquadratic residue of p a necessary condition for the set of sixteenth powers to form a difference set is that p = l+b*. By the table in [8] the first example of p = 1297 does not give a residue difference set. The next example is p= 1336337 so that there are no difference sets of the prescribed type below this limit. It should also be noted that when / is odd and m=6 (mod 8) the equations x=l, a = l-2y again lead to p = l+b*.
A modified residue difference set is one in which zero is counted as a residue. It is known [7] that such difference sets cannot exist for e odd, or for e even and / even. Emma Lehmer [7] has proved that if e is even and /= (p -l)/e is odd, then a necessary and sufficient condition for the set of eth power residues and zero to be a difference set is that l+(0, 0) = (i, 0) = (f+l)/e, i=l, 2, • • • , e/2-1, where (/+l)/e=X is the multiplicity of the set. Proceeding exactly as in the proof of Theorem 1 we obtain Theorem 1'. 7/ 2 is an octic residue of p, then the set of 16th power residues and zero modulo p cannot form a difference set.
Suppose now that/is odd and m = A (mod 8). Then by (1.8) the condition 256(4, 0)=p + 15 is equivalent to the condition 8a = x + 15. Hence in order for the set of 16th power residues and zero to be a difference set it is necessary that 8a = x + 15, where x=a=l (mod 4). There is not a single example in Cunningham's table in which this relation is satisfied. Finally suppose that/ is odd and 2 is not a biquadratic residue of p. The method used in the case of ordinary residue difference sets may be applied again. This time we deduce that a necessary condition for the set of sixteenth powers and zero to form a difference set is that x = -15, a = -15 + 2y, where the sign is plus or minus according as m=±2
(mod 8). It follows that b2 = + 30y. Since a and b cannot both be multiples of 5 there is no difference set in this case.
5. The sixteenth power residue character of 2. An integer n is said to belong to the residue class i with respect to a primitive root g il n = g"+< (mod p). We shall make use of the easily proved lemma [7] : the cyclotomic numbers (0, i) are odd or even according as 2 belongs to the residue class i or not. Employing this lemma we may now verify the criterion of Cunningham now implies that 6 = 0 (mod 4).
We next assume that 2 is also an octic residue of p. Then, by Reuschle's criterion [10] for octic residuacity, we have y =0 (mod 8). Returning to (1.1) we may now derive the two congruences (5.1) p = x2 + 32y (mod 512), a = x -46 (mod 32).
The lemma asserts that 256(0, 0) =256 or 0 (mod 512) according as 2 belongs to the residue class 0 or 8. It is convenient to consider separately two cases. We examine the easier case first.
(i) / odd, m = 0 (mod 8). We make use of (5.1) and the fact that x = 9
(mod 16). Converting (1.6) into a congruence modulo 512 we get (5.2) 256(0, 0) = 32y + 646 + 256 (mod 512).
(ii) / even, m = 0 (mod 8). In addition to the values of 256(0, 0) and 256(4, 0) listed in Table I Just as in the derivation of (5.2) we may now use (5.1) and the fact that x = l (mod 16) to verify that the right member of (5.3) is congruent to 32y + 646 + 256 (mod 512).
In either event we conclude that 2 is a 16th power residue modulo p or not according as 32y +646 = 0 or 256 (mod 512). We have therefore proved the following theorem. replace (i, 0) by ( -i, 0) and replace the letters x, y, a, 6, d0, dt, d2, ds, d4, d5, d6, d7, c0, cu c2, c3 by x, -y, a, -6, d0, -d7, -de,, -d;,, -d^ -d3, -d2, -dx, c0, -C\, c2, -cz, respectively. + 16y+'ia-24b + l6dl-16d2 + 16dt+32d!, + 16d-,-8c0-8c,+32c3 256(6, 0)=/>-15+6*-16y + 16J-16d0+16<f2-16<t,--|-16<i6-|-8<:o-32c2 256(7, 0)=p-15+2x-16y+4:a-24b-16d3-16dt-l6di-16de+32d7-8c0+32ci+Sc2 256(8, 0)=/>-15-18*-16a-32<io-16co 256(9, 0)=p-15+2x + 16y+4a+24b-32dl + 16d2 + l6d3 + 16di+16di-8c0-32ci+8c2 256(10, 0)=p-15+6x + 16y-16b-l6d0-16d2 + l6dl-16d«+$c0-32ci 256(11, 0)=£-15+2*-16:y+4a+24&-16(f,-32d3-16<2< + 16d6-16d7-8co-8£2-32c3 256(12, 0)=£-15-2x-|-16a-32<>4 256(13, 0)=p-l5+2x + 16y+4a-2<lb-\6d1-16d2 + 16d1-32dt-l6d7-8c0-8c2-32c, 256(14, 0)=/>-15+6*-16;y-16&-16do-16<22-16d4-16d6-r-8<;l)-f-32f2 256(15, 0)=£-15+2s-16y+4a-24J + 16d,-16<i4 + 16<i5-16d6-32<i7-8co-32ci-|-8(;.,
